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Abstract
Denote the set of 21 non-isomorphic cubic graphs of order 10 by L. We 6rst determine precisely which L∈L occur
as the leave of a partial Steiner triple system, thus settling the existence problem for partial Steiner triple systems of order
10 with cubic leaves. Then we settle the embedding problem for partial Steiner triple systems with leaves L∈L. This
second result is obtained as a corollary of a more general result which gives, for each integer v¿ 10 and each L∈L,
necessary and su7cient conditions for the existence of a partial Steiner triple system of order v with leave consisting of
the complement of L and v− 10 isolated vertices.
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1. Introduction
A (partial) Steiner triple system of order v is a pair (V; B) where V is a v-set and B is a set of 3-element subsets,
called triples, of V such that each pair of elements of V occurs in (at most) exactly one triple. It is well known that a
Steiner triple system of order v exists if and only if v ≡ 1 or 3 (mod 6). The leave of a partial Steiner triple system (U; A)
is de6ned to be the graph L with vertex set U and edge set E(L) given by {x; y}∈E(L) if and only if x and y do not
occur together in any triple in A. Note that the leave of a partial Steiner triple system may contain isolated vertices and
that the order of a partial Steiner triple system equals the order of its leave. Colbourn [5] has shown that the problem of
deciding whether a graph is the leave of a partial Steiner triple system is NP-complete.
A partial Steiner triple system (U; A) is said to be embedded in a Steiner triple system (V; B) if U ⊆ V and A ⊆ B.
Given a partial Steiner triple system (U; A), it is natural to ask for the values of v for which (U; A) can be embedded in
a Steiner triple system of order v. An embedding of a partial Steiner triple system of order u in a Steiner triple system
of order v is called an embedding of order v. We refer to the problem of determining all values of v for which a given
partial Steiner triple system (U; A) has an embedding of order v as the embedding problem for (U; A). For a survey on
embeddings of partial Steiner triple systems and related results see [7].
In 1971, Treash [13] proved that given any partial Steiner triple system (U; A) of order u, there exists an integer v such
that (U; A) has an embedding of order v. The order v of Treash’s embedding is very large, growing exponentially with u.
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In 1975, Lindner [10] produced a short elegant proof that any partial Steiner triple system of order u has an embedding
of order 6u+ 3. The following statement is a well-known (unresolved) conjecture of Lindner; see [11].
Conjecture 1.1 (Lindner and Evans [11]). Any partial Steiner triple system of order u has an embedding of order v if
v¿ 2u+ 1 and v ≡ 1; 3 (mod 6).
In one sense, this conjecture would represent the best possible result, since for all u¿ 9, there exists a partial Steiner
triple system of order u which has no embedding of order v for v¡ 2u+ 1 [7]. The best result obtained thus far on the
Lindner conjecture is the following theorem of Andersen et al. [1].
Theorem 1.2 (Andersen [1]). Let (U; A) be any partial Steiner triple system of order u. If v ≡ 1; 3 (mod 6) and v¿ 4u+
1, then (U; A) has an embedding of order v.
Also in [1], embeddings of order 2u+1 are constructed subject to certain conditions on the leave of the partial Steiner
triple system. In order to state these results, we denote the minimum and maximum degree of a graph G by (G) and
J(G), respectively, and we de6ne (n) to be the maximum number of triples in a partial Steiner triple system of order
n. It was shown in [12] that (n) = 	 13n	 12 (n − 1)

 for n ≡ 0; 1; 2; 3; 4 (mod 6) and (n) = 	 13n	 12 (n − 1)

 − 1 for
n ≡ 5 (mod 6).
Theorem 1.3 (Andersen et al. [1]). Let u¿ 1 and let 2u+1 ≡ 1 or 3 (mod 6). A partial Steiner triple system of order
u with leave L such that
J(L)¡  12 (u+ 1) and |E(L)|6 3( 12 (u+ 1))
has an embedding of order 2u+ 1.
Theorem 1.4 (Andersen et al. [1]). Let (U; A) be a partial Steiner triple system of order u¿ 3 with leave L and suppose
2u+ 1 ≡ 1; 3 (mod 6). If for some integer r and some s∈{0; 1; 2; 3},
1
3 |E(L)|= (6r + s); (L)¿ 12r + 2s− u− 1 and J(L)6 6r + s− 4;
then (U; A) has an embedding of order 2u+ 1.
Thus, it is natural to ask about embeddings of order v = 2u + 1 for a partial Steiner triple system in which the leave
does not satisfy the conditions of Theorems 1.3 and 1.4. Partial Steiner triple systems of order 10 having a cubic leave
L form a nice family of such systems. We have |E(L)|= 15 and 3( 12 (u+ 1)) = 3(6) = 12, so Theorem 1.3 does not
apply. Also, in order to apply Theorem 1.4 we require (6r + s) = 5, but (n) = 5 for any integer n. It is also worth
remarking that the results in [1] do not (directly) yield embeddings of order v with 2u+ 1¡v¡ 4u+ 1.
It is well known that there are exactly 21 non-isomorphic cubic graphs of order 10 [9] and we denote the set of such
graphs by L. We note that the only regular leaves of (non-empty) partial Steiner triple systems of order 10 are cubic.
Of course, there is no guarantee that every L∈L occurs as the leave of a partial Steiner triple system. In this paper, we
show that exactly seven of the graphs in L occur as the leave of a partial Steiner triple system; see Theorem 2.6. From
here on, we will denote by P the set of all partial Steiner triple systems having leaves in L.
We will also show that Lindner’s conjecture holds for all partial Steiner triple systems in P. It turns out that these partial
Steiner triple systems can also have embeddings of order v¡ 2u+1. The existence of embeddings of order v¡ 2u+1 is
considered in [2] and is, along with many of the ideas and results of this paper, best presented in a graph theory setting.
Thus, we need the following de6nitions.
The complete graph with v vertices is denoted by Kv, and K3 will sometimes be called a triangle. A triangle with vertex
set {x; y; z} is denoted by [x; y; z] and a graph is triangle free if it has no subgraph isomorphic to K3. A K3-decomposition
of a graph G is a set of triangles in G whose edge sets partition the edge set of G. The complement of a graph G is
denoted by Gc and the degree of a vertex x in G is denoted by degG(x). If G is a graph and H is a subgraph of G, then
we denote by G \ H the graph obtained from G by removing the edges of H . For vertex disjoint graphs G1 and G2, we
denote by G1 ∨G2 the graph with vertex set V (G1 ∨G2) = V (G1) ∪ V (G2) and edge set E(G1 ∨G2) = E(G1) ∪ E(G2) ∪
{{x; y}: x∈V (G1); y∈V (G2)}. Finally, the minimum number of colours required for a proper edge colouring of a graph
G is denoted by ′(G).
With these de6nitions in hand, we are now able to present the following lemma from [2] which has immediate
implications for embeddings of partial Steiner triple systems.
D. Bryant et al. / Discrete Mathematics 284 (2004) 83–95 85
Lemma 1.5 (Bryant [2]). Let L be a graph with u vertices and let w be a non-negative integer. If there exists a
K3-decomposition of L ∨ Kw then
(1) degL(x) ≡ w (mod 2) for each vertex x of L;
(2) u+ w is odd for w¿ 0;
(3) |E(L)|+ uw + ( w2
) ≡ 0 (mod 3);
(4) there exists a subgraph G of L such that
(i) L \ G has a K3-decomposition;
(ii) w2 − (u+ 1)w + 2|E(G)|¿ 0;
(iii) ′(G)6w.
It is clear that a partial Steiner triple system of order u with leave L has an embedding of order v if and only if there
exists a K3-decomposition of L ∨ Kw where w = v − u. It is not di7cult to see that if the necessary conditions given
in Lemma 1.5 are also su7cient, then Lindner’s conjecture follows (see [2]). However, Lemma 1.5 also addresses the
possible existence of embeddings of order v¡ 2u+1. Here, we show that the conditions of Lemma 1.5 are su7cient for
all L∈L, thus settling the embedding problem for P; see Theorem 3.13 and Corollary 3.14.
While settling the existence and embedding problems for P does not represent a signi6cant step towards a resolution
of the Lindner conjecture, our constructions do have some interesting features. Firstly, the edge colourings of the cubic
graphs in L, which we use in the construction of embeddings of order 15, demonstrate a connection between embeddings
of certain partial Steiner triple systems and a problem of Burris and Shelp [4] on the minimum number of colours required
for vertex distinguishing edge colourings of graphs. A proper edge colouring of a graph G is vertex distinguishing if a
distinct set of colours is used to colour the edges incident with each vertex of G, and is a minimum vertex distinguishing
edge colouring if it is vertex distinguishing and there is no vertex distinguishing edge colouring of G with fewer colours.
Our edge colourings of the cubic graphs of order 10 use 5 colours and are minimum vertex distinguishing edge
colourings. Moreover, since
( 5
3
)
=10, every distinct 3-set of the 5 colours occurs precisely once on the edges incident at
a vertex. In Theorem 3.3, we demonstrate a strong connection between minimum vertex distinguishing edge colourings
and the existence of embeddings of certain partial Steiner triple systems.
Our results also provide an illustration of how embeddings of order w¡ 2u + 1 may be used in the construction of
embeddings of order v¿ 2u+ 1, especially in the cases 2u+ 16 v¡ 4u+ 1. In particular, a general result which makes
use of Theorem 1.6 (see below) from [2] is proved in Section 3; see Lemma 3.8.
Theorem 1.6 (Bryant [2]). Let L be a graph of order u in which t vertices have degree 2 and u− t have degree 0, and
let 0¡w¡u+ 1. Then there exists a K3-decomposition of L ∨ Kw if and only if u is odd, t = u− 1 and
• w = 2 and L has no odd cycles; or
• w = u− 1.
We will also make use of the following three results. The 6rst is a special case of Theorem 3.2 in [2], the second is
a well-known theorem of Doyen and Wilson [8], and the third is in [6].
Lemma 1.7 (Bryant [2]). Let G be a cubic graph of order 10 for which ′(G)=3. Then there exists a K3-decomposition
of G ∨ K3.
Theorem 1.8 (Doyen and Wilson [8]). A Steiner triple system of order u has an embedding of order v¿u if and only
if v ≡ 1; 3 (mod 6) and v¿ 2u+ 1.
Theorem 1.9 (Colbourn and Rosa [6]). Let G be a graph of order v in which t vertices have degree 2 and v − t have
degree 0. Then there exists a partial Steiner triple system with leave G if and only if t ≡ 0 (mod 3) and v ≡ 1; 3 (mod 6),
or t ≡ 1 (mod 3) and v ≡ 5 (mod 6); except that there is no partial Steiner triple system with leave G if G consists of
two 3-cycles and an isolated vertex or if G consists of a 4-cycle and a 5-cycle.
2. The existence problem
The set L = {G1; G2; : : : ; G21} of cubic graphs of order 10, determined in [9], is shown in Fig. 1. Throughout this
paper, the vertex labellings given in this 6gure are used.
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Fig. 1. The 21 cubic graphs of order 10.
In this section, we determine, for each L∈L, whether L occurs as the leave of a partial Steiner triple system. Note
that there exists a partial Steiner triple system with leave L if and only if there exists a K3-decomposition of Lc. Thus,
we are interested in determining precisely which of the 21 6-regular graphs in the set L′ = {Gc1; Gc2; : : : ; Gc21} have
K3-decompositions. We begin with non-existence results. The following lemma gives an obvious necessary condition for
a graph to have a K3-decomposition.
Lemma 2.1. If the vertex set of a graph G can be partitioned into two sets A and B such that |{{x; y}: x∈A; y∈B}|=z
and 13 |E(G)|¡ 12 z, then there is no K3-decomposition of G.
Proof. Each triangle in G contains either exactly zero or exactly two edges that join vertices in A to vertices in B and
so any K3-decomposition of G has at least 12 z triangles. Since the number of triangles in a K3-decomposition of G is
1
3 |E(G)|, the result follows immediately.
Lemma 2.1 can be used to prove that 11 of the 6-regular graphs of order 10 have no K3-decomposition.
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Fig. 1 (Continued).
Corollary 2.2. For i∈{3; 9; 11; 12; 14; 15; 17; 18; 19; 20; 21}, there is no K3-decomposition of Gci .
Proof. For each i∈{3; 9; 11; 12; 14; 15; 17; 18; 19; 20; 21}, we apply Lemma 2.1 with A and B as given in the following
table. Note that |E(Gci )|= 30.
i A B z
3 {2; 3; 4; 8; 9} {0; 1; 5; 6; 7} 22
9 {0; 1; 2; 4; 5} {3; 6; 7; 8; 9} 22
11 {0; 1; 2; 6; 8} {3; 4; 5; 7; 9} 22
12 {0; 1; 2; 6; 7} {3; 4; 5; 8; 9} 22
14 {0; 1; 2; 3; 8} {4; 5; 6; 7; 9} 24
15 {0; 1; 2; 3; 8} {4; 5; 6; 7; 9} 22
17 {0; 1; 2; 3; 4} {5; 6; 7; 8; 9} 22
18 {0; 1; 2; 7; 8} {3; 4; 5; 6; 9} 22
19 {0; 1; 2; 4; 5} {3; 6; 7; 8; 9} 22
20 {0; 1; 2; 3; 4; 5} {6; 7; 8; 9} 24
21 {0; 1; 2; 3; 4; 5} {6; 7; 8; 9} 24
We now show that there is no K3-decomposition of Gc2, G
c
4 or G
c
6 (this cannot be proved directly with Lemma 2.1).
Lemma 2.3. There is no K3-decomposition of Gc2.
Proof. The vertex sets {1; 3; 5; 7; 9} and {0; 2; 4; 6; 8} induce complete subgraphs H1 and H2 of order 5 in Gc2. Since
there are ten edges and at most two edge-disjoint triangles in K5, it follows that we require at least six triangles to
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cover the edges in H1 and a further six triangles to cover the edges in H2. Since Gc2 has only 30 edges, it has no
K3-decomposition.
Lemma 2.4. There is no K3-decomposition of Gc4 or of G
c
6.
Proof. The vertex labellings of G4 and G6 have been chosen so that the following argument holds for both Gc4 and G
c
6.
Let G be either Gc4 or G
c
6. Suppose that there is a K3-decomposition of G. One of the triangles must contain the edge
{3; 6}, and the third vertex of this triangle must be one of 0; 1; 5 or 9. Now, vertex 3 is adjacent to six vertices in G, so
at least one of the other two triangles containing vertex 3 has an edge joining two of the vertices 0; 1; 5; 9. Similarly, at
least one of the other two triangles containing vertex 6 has an edge joining two of the vertices 0; 1; 5; 9. There are only
two such edges in G, namely {0; 9} and {1; 5}. Thus the K3-decomposition of G contains either the two triangles [0; 3; 9]
and [1; 5; 6] or the two triangles [1; 3; 5] and [0; 6; 9]. This is impossible since, in both cases, one of the triangles has an
edge in common with the triangle containing the edge {3; 6}.
We now show that the remaining seven 6-regular graphs in L′ have K3-decompositions.
Lemma 2.5. There exist K3-decompositions of Gc1, G
c
5, G
c
7, G
c
8, G
c
10, G
c
13 and G
c
16.
Proof. The sets of triangles in the following table are the required K3-decompositions.
Gc1 G
c
5 G
c
7 G
c
8 G
c
10 G
c
13 G
c
16
[0,2,9] [0,2,5] [0,4,8] [0,7,9] [0,3,7] [0,4,7] [0,5,6]
[0,3,7] [1,3,6] [0,5,9] [1,6,8] [0,4,8] [2,5,7] [1,4,8]
[0,4,8] [2,8,9] [0,6,7] [0,4,6] [0,5,9] [3,6,7] [0,4,9]
[1,3,8] [0,3,7] [1,3,9] [2,3,7] [1,3,8] [0,8,9] [2,5,8]
[1,4,9] [1,4,9] [1,5,6] [1,3,9] [1,4,9] [1,3,8] [0,3,8]
[1,5,6] [0,4,8] [1,7,8] [2,4,8] [1,5,6] [2,4,8] [2,4,7]
[2,4,6] [6,7,9] [2,3,7] [0,5,8] [2,3,9] [0,5,6] [3,7,9]
[2,5,7] [2,4,6] [2,4,9] [1,5,7] [2,4,6] [1,5,9] [2,3,6]
[3,5,9] [1,5,7] [2,6,8] [3,4,5] [2,5,7] [1,4,6] [1,5,7]
[6,7,8] [3,5,8] [3,4,5] [2,6,9] [6,7,8] [2,3,9] [1,6,9]
Combining the results of this section, we obtain the following theorem which states precisely which of the 21 cubic graphs
of order 10 occur as the leave of a partial Steiner triple system.
Theorem 2.6. There exists a partial Steiner triple system with a cubic leave L of order 10 if and only if L∈{G1; G5;
G7; G8; G10; G13; G16}.
3. The embedding problem
For each v¿ 10 and each L∈L, let H (L; v) denote the graph of order v consisting of Lc and v− 10 isolated vertices.
Clearly, if there exists a partial Steiner triple system (U; A) with leave L, then (U; A) has an embedding of order v if
and only if there is a partial Steiner triple system of order v with leave H (L; v). However, a partial Steiner triple system
with leave H (L; v) can exist even if there is no partial Steiner triple system with leave L. In this section we prove, for
each L∈L, necessary and su7cient conditions for the existence of a partial Steiner triple system of order v with leave
H (L; v). Thus, as a corollary, we completely settle the embedding problem for partial Steiner triple systems of order 10
with cubic leaves.
3.1. The case v = 13
The smallest possible embedding of a partial Steiner triple system of order 10 is an embedding of order 13, so we start
by looking at K3-decompositions of L ∨ K3 for each L∈L. The following result is a corollary to Lemma 1.7.
Corollary 3.1. If L∈L \ {G1; G14} then there exists a K3-decomposition of L ∨ K3.
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Proof. For L∈L\{G1; G14} it is known, and straightforward to check, that ′(L)=3 and so there exists a K3-decomposition
of L ∨ K3 by Lemma 1.7.
Lemma 3.2. There is no K3-decomposition of G1 ∨ K3 or of G14 ∨ K3.
Proof. By Lemma 1.5(4), if L∈L and there exists a K3-decomposition of L∨K3 then there exists a set S of edge disjoint
triangles in L such that the removal of the edges of the triangles in S from L results in a graph G for which ′(G)6 3
(see (4)(iii) of Lemma 1.5) and |E(G)|¿ 12 (see (4)(ii) of Lemma 1.5 with w = 3 and u = 10). Since ′(G1) = 4 and
G1 is triangle free, it follows that no K3-decomposition of G1 ∨ K3 exists. For G14 we note that the subgraph H induced
by the vertex set {0; 1; 2; 3; 8} is isomorphic to the subgraph induced by the vertex set {4; 5; 6; 7; 9} and that ′(H) = 4.
It follows that for G14, the set S would need to contain at least two triangles. But then, E(G)6 9 and so there is no
K3-decomposition of G14 ∨ K3.
3.2. The case v = 15
As remarked in the introduction, our construction of K3-decompositions of L∨ K5 requires for each L∈L a minimum
vertex distinguishing edge colouring of L. The following theorem demonstrates the relationship between minimum vertex
distinguishing edge colourings and embeddings of partial Steiner triple systems that we will use.
Theorem 3.3. Let w¿ 2 be an integer, d= w − 2, u= ( w2
)
, and let L be a d-regular graph of order u. There exists a
K3-decomposition of L ∨ Kw if and only if there exists a vertex distinguishing edge colouring of L with w colours.
Remark. Before proving this theorem we make the following three observations:
(1) Since u=
( w
2
)
=
( w
d
)
, there can be no vertex distinguishing edge colouring of L with fewer than w colours. Moreover,
in any vertex distinguishing edge colouring with w colours, for every distinct d-set S of colours there is necessarily
exactly one vertex x of L such that the edges incident with x are coloured with the colours in S.
(2) If d ≡ 1 (mod 4), w = d+ 2, and u= ( w2
)
, then u and d are both odd and there is no d-regular graph of order u.
(3) If d ≡ 2 (mod 4), then u + w is even and so there is no K3-decomposition of L ∨ Kw by condition (2) of Lemma
1.5. Hence, by the proof below, there is also no vertex distinguishing edge colouring of L with w colours.
Proof. Suppose there exists a K3-decomposition T of L ∨ K where K ∼= Kw. Let the vertex set of L be {x1; x2; : : : ; xu},
let the vertex set of K be {y1; y2; : : : ; yw}, and let {c1; c2; : : : ; cw} be a set of w distinct colours. Note that the number
of edges in K plus the number of edges in L is 12ud +
( w
2
)
= 14 (d + 1)(d + 2)
2 and the number of edges of L ∨ K that
have one vertex in L and one vertex in K is uw = 12 (d+ 1)(d+ 2)
2. Hence every triangle in T has either precisely two
vertices in L or precisely two vertices in K . Let T =T1∪T2 where T1 consists of the triangles of T that have two vertices
in L and T2 consists of the triangles of T that have two vertices in K . Also, note that for each vertex xi ∈V (L) there is
exactly one triangle [xi; yj; yk ]∈ T2 that contains xi. To see this, observe that xi has degree 2d+ 2 in L ∨ K and that the
d edges of L incident with xi occur in triangles in T1.
For each triangle [xi; xj; yk ]∈ T1, colour the edge {xi; xj}∈E(L) with colour ck . It follows that for each vertex xi′ ∈V (L),
there are exactly two colours which do not occur on the edges of L incident with xi′ , namely cj′ and ck′ where [xi′ ; yj′ ; yk′ ]
is the triangle in T2 that contains xi′ . Since each edge of K occurs in exactly one triangle in T2, it follows that for every
d-subset S of {c1; c2; : : : ; cw} there is exactly one vertex x∈ L such that the edges incident with x are coloured with the
colours in S. Hence we have a vertex distinguishing edge colouring of L with w colours.
Now, conversely, suppose that L has a vertex distinguishing edge colouring # : E(L) → {c1; c2; : : : ; cw}. Since u =( w
2
)
=
( w
d
)
, it follows that for every d-subset S of {c1; c2; : : : ; cw} there is exactly one vertex x∈V (L) such that the
edges incident with x are coloured with the colours in S. For k =1; 2; : : : ; w, let Tk = {[xi; xj; yk ]:#({xi; xj}) = ck}, and for
each edge {yj′ ; yk′}∈E(K) let [xi′ ; yj′ ; yk′ ]∈ T0 where xi′ is the unique vertex in L for which the colours on the edges
incident with xi′ are {c1; c2; : : : ; cw} \ {cj′ ; ck′}. Then T = T0 ∪ T1 ∪ T2 ∪ · · · ∪ Tw is a K3-decomposition of L ∨ K .
Corollary 3.4. If L∈L then there exists a K3-decomposition of L ∨ K5.
Proof. For each L∈L, a vertex distinguishing edge colouring of L with 5 colours is given in Section 4.1.
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3.3. The case v = 19
To construct K3-decompositions of L ∨ K9, for each L∈L, we make use of a particular type of 9 × 9 array. These
arrays are very similar, though not identical, to the symmetric quasi-latin squares in [1].
Lemma 3.5. If L∈L then there exists a K3-decomposition of L ∨ K9.
Proof. For each L∈L, a 9 × 9 array of cells (with rows and columns indexed from 1 to 9) satisfying the following
conditions is given in Section 4.2.
(1) Each cell is either empty or contains symbols chosen from {0; 1; : : : ; 9}.
(2) For i=1; 2; : : : ; 6, cell (i; i) contains four distinct symbols which are partitioned into pairs. The symbols in these cells
are arranged in a two by two array with the two elements in each row forming a pair.
(3) For i = 7; 8; 9, cell (i; i) contains a pair of distinct symbols.
(4) For each edge {x; y}∈E(L), there is exactly one i∈{1; 2; : : : ; 9} such that the pair {x; y} occurs in cell (i; i).
(5) For i = j, cells (i; j) and (j; i) contain at most one symbol. These cells are both empty precisely when {i; j} ⊆ {1; 2; 3}
or {i; j} ⊆ {4; 5; 6}, and contain the same symbol otherwise.
(6) Each symbol 0; 1; : : : ; 9 occurs exactly once in each row and exactly once in each column of the array.
Using this array, a K3-decomposition T of L ∨ K9 is constructed as follows. Let the vertex set of L ∨ K9 be V (L) ∪
{w1; w2; : : : ; w9}. For each edge {x; y}∈E(L) and each i∈{1; 2; : : : ; 9}, let [x; y; wi]∈ T whenever the pair {x; y} occurs
in cell (i; i) of the array. For i = j, let [wi; wj; x]∈ T if symbol x occurs in cell (i; j). Finally, let [w1; w2; w3] and
[w4; w5; w6] be in T .
3.4. The case v = 21
As outlined in the introduction, Theorems 1.3 and 1.4 do not provide embeddings of order 21 for the partial Steiner
triple systems of order 10 with cubic leaves. However, the following lemma allows us to make use of Theorem 1.6 to
construct K3-decompositions of L ∨ K11 for each L∈L.
Lemma 3.6. Let G be a cubic graph of order u with u ≡ 0; 4 (mod 6). If G contains a 1-factor, then there exists a
K3-decomposition of G ∨ Ku+1.
Proof. Let V (G)=U and let V (G∨Ku+1)=U∪W where U∩W=∅. For some w0 ∈W , let S1={[w0; x; y] : {x; y}∈E(F)}
where F is a 1-factor in G. Now let G∗ be the graph of order u+ 1 with vertex set V (G∗) = {w0} ∪ V (G) and edge set
E(G∗)=E(G) \E(F). Then G∗ is a graph of order u+1 ≡ 1 or 5 (mod 6) having u vertices of degree 2 and one vertex
w0 of degree zero. By Theorem 1.6 there exists a K3-decomposition S2 of G∗ ∨ Ku and S1 ∪ S2 is a K3-decomposition of
G ∨ Ku+1.
Corollary 3.7. If L∈L then there exists a K3-decomposition of L ∨ K11.
Proof. Every L∈L contains a 1-factor (it is well known that the smallest cubic graph with no 1-factor has order 16)
and so the result follows from Lemma 3.6.
3.5. The cases v = 25 and v = 27
The following general result illustrates how embeddings of order w¡ 2u+1 may be used in conjunction with Theorem
1.6 to construct embeddings of order v with 2u+1¡v¡ 4u+1. We will use it to construct K3-decompositions of L∨K15
and L ∨ K17 for each L∈L.
Lemma 3.8. Let u and w be integers with w¿ 2, and let L be a graph of order u. If L ∨ Kw has a K3-decomposition,
then
(1) L ∨ Ku+2w−5 has a K3-decomposition; and
(2) if u+ w ≡ 3 (mod 6) then L ∨ Ku+2w−3 has a K3-decomposition.
D. Bryant et al. / Discrete Mathematics 284 (2004) 83–95 91
Remark. We note that the condition w¿ 2 cannot be removed from the lemma. If L is a 1-regular graph of order u¿ 4
(u even), then L ∨ K1 has a K3-decomposition but L ∨ Ku−3 and L ∨ Ku−1 do not (by condition (4)(ii) of Lemma 1.5).
The basic idea of the proof is to start with a K3-decomposition of L ∨ Kw and remove two vertices from the Kw, thus
obtaining a set T1 of triangles and a leave F of order u+w−2. We then 6nd a K3-decomposition, T2 or T3, of F∨Ku+w−3
or F ∨ Ku+w−1, respectively. Then T1 ∪ T2 or T1 ∪ T3 is the required K3-decomposition of L ∨ Ku+2w−5 or L ∨ Ku+2w−3,
respectively.
Proof. The lemma is trivial for u=1, so assume u¿ 2. Let the vertex set of L be {x1; x2; : : : ; xu}, let K be the complete
graph with vertex set {y1; y2; : : : ; yw} where {x1; x2; : : : ; xu} ∩ {y1; y2; : : : ; yw} = ∅ and let T be a K3-decomposition of
L∨K . Now, let G be the graph obtained from L∨K by removing the vertices yw−1 and yw and all of the edges incident
with them. If we let T1 be the set of triangles in T that do not contain yw−1 or yw, then T1 is a K3-decomposition
of G \ F , where F is a subgraph of G with u + w − 3 vertices of degree 2 and one isolated vertex (the isolated
vertex is the third vertex of the triangle in T that contains both yw−1 and yw). Note that F does not contain odd
cycles.
By Theorem 1.6, there is a K3-decomposition T2 of F ∨Ku+w−3 (note that since there is a K3-decomposition of L∨Kw,
u+ w is odd and hence so is u+ w − 2). Hence T1 ∪ T2 is a K3-decomposition of L ∨ Ku+2w−5.
Also, if u + w ≡ 3 (mod 6), then u + w − 2 ≡ 1 (mod 6) and so by Theorem 1.9, there exists a partial Steiner
triple system (V (F); B) with leave F . It is straightforward to verify that (V (F); B) satis6es the conditions of Theorem
1.3 for u + w − 2¿ 7 and hence it has an embedding of order 2(u + w − 2) + 1 = 2u + 2w − 3. That is, there is
a K3-decomposition T3 of F ∨ Ku+w−1. If u + w − 2 = 7 then F consists of a 6-cycle and an isolated vertex. In this
case, let V (F ∨ K8) = {v1; v2; : : : ; v7} ∪ {w1; w2; : : : ; w8} with {v1; v2; : : : ; v7} ∩ {w1; w2; : : : ; w8} = ∅, let the 6-cycle be
(v1; v2; v3; v4; v5; v6), and let T3 consist of the triangles listed below. Then T3 is a K3-decomposition of F ∨K8. Hence, we
always have a K3-decomposition T3 of F ∨ Ku+w−1 and T1 ∪ T3 is a K3-decomposition of L ∨ Ku+2w−3.
[w1; w2; w3] [w4; w5; w6] [v1; v2; w1] [v2; v3; w2] [v3; v4; w3] [v4; v5; w4]
[v5; v6; w5] [v6; v1; w6] [v1; w2; w4] [v1; w3; w7] [v1; w5; w8] [v2; w3; w5]
[v2; w4; w8] [v2; w6; w7] [v3; w1; w5] [v3; w4; w7] [v3; w6; w8] [v4; w1; w8]
[v4; w2; w6] [v4; w5; w7] [v5; w1; w7] [v5; w2; w8] [v5; w3; w6] [v6; w1; w4]
[v6; w2; w7] [v6; w3; w8] [v7; w1; w6] [v7; w2; w5] [v7; w3; w4] [v7; w7; w8]
Corollary 3.9. If a partial Steiner triple system of order u has an embedding of order v¿ u+2, then it has an embedding
of order 2v− 5 and if v ≡ 3 (mod 6) then it has an embedding of order 2v− 3.
Proof. Let L be the leave of the partial Steiner triple system, let w = v− u, and apply Lemma 3.8.
Lemma 3.10. If L∈L, then there exists a K3-decomposition of L ∨ K15.
Proof. Let L∈L. By Corollary 3.4, there exists a K3-decomposition of L∨K5. Hence by Lemma 3.8(1) with u=10 and
w = 5 there is a K3-decomposition of L ∨ K15.
Lemma 3.11. If L∈L, then there exists a K3-decomposition of L ∨ K17.
Proof. Let L∈L. By Corollary 3.4, there exists a K3-decomposition of L∨K5. Hence by Lemma 3.8(2) with u=10 and
w = 5 there is a K3-decomposition of L ∨ K17.
3.6. The case v¿ 31
We can use Theorem 1.8 to settle the remaining cases.
Lemma 3.12. Let L∈L. For w¿ 21 and w + 10 ≡ 1; 3 (mod 6), there exists a K3-decomposition of L ∨ Kw.
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Proof. By Theorem 1.8, there is a K3-decomposition of Kc15 ∨ Kw′ for all w′¿ 16 with w′ + 15 ≡ 1; 3 (mod 6). Since
by Lemma 3.4 there is also a K3-decomposition of L ∨ K5 for all L∈L, it follows that there is a K3-decomposition of
L ∨ Kw for all w¿ 21 with w + 10 ≡ 1; 3 (mod 6).
3.7. Main embedding results
Combining the results of this section we have the following theorem.
Theorem 3.13. Let L be a cubic graph of order 10. There exists a partial Steiner triple system with leave consisting
of Lc and v− 10 isolated vertices if and only if v¿ 13, v ≡ 1; 3 (mod 6) and (L; v) ∈ {(G1; 13); (G14; 13)}.
Proof. Clearly, a partial Steiner triple system with leave consisting of Lc and v − 10 isolated vertices is equivalent to a
K3-decomposition of L∨Kv−10. The necessity of the conditions follows from Lemma 1.5 and Lemma 3.2. The existence of
the required partial Steiner triple systems is proved in Lemmas 3.5, 3.10, 3.11, 3.12 and Corollaries 3.1, 3.4 and 3.7.
Noting that there is no partial Steiner triple system with leave G14 (see Theorem 2.6), we have the following corollary
to Theorem 3.13 which settles the embedding problem for partial Steiner triple systems of order 10 with cubic leaves.
Corollary 3.14. For all v¿ 13 with v ≡ 1; 3 (mod 6), every partial Steiner triple system of order 10 with a cubic leave
has an embedding of order v except that there is no embedding of order 13 if the leave is G1.
4. Edge colourings and arrays
The edge colourings and arrays in this section were found and checked by hand.
4.1. The edge colourings for Corollary 3.4
The proof of Corollary 3.4 requires, for each L∈L, a 5-edge colouring of L such that for any three distinct colours,
there is precisely one vertex v∈V (L) incident with edges of those three colours. Let the set of 6ve colours be {a; b; c; d; e}.
In this subsection we give the required 5-edge colourings by listing, for each colour a; b; c; d; e, the three edges of L that
are assigned that colour.
Colour Edges of G1 Colour Edges of G2 Colour Edges of G3
a 17, 36, 89 a 07, 36, 89 a 16, 23, 49
b 01, 34, 58 b 12, 34, 67 b 12, 45, 78
c 12, 45, 79 c 05, 18, 23 c 01, 38, 56
d 06, 23, 47 d 01, 49, 56 d 07, 34, 89
e 05, 28, 69 e 29, 45, 78 e 05, 29, 67
Colour Edges of G4 Colour Edges of G5 Colour Edges of G6
a 12, 45, 78 a 01, 59, 78 a 05, 17, 68
b 01, 23, 89 b 06, 12, 47 b 02, 37, 59
c 38, 46, 59 c 09, 34, 68 c 19, 26, 45
d 05, 19, 67 d 18, 23, 45 d 01, 23, 48
e 07, 26, 34 e 27, 39, 56 e 34, 67, 89
Colour Edges of G7 Colour Edges of G8 Colour Edges of G9
a 12, 38, 46 a 01, 25, 78 a 01, 57, 69
b 02, 14, 79 b 03, 47, 59 b 02, 14, 89
c 01, 36, 57 c 14, 38, 56 c 03, 45, 78
d 03, 25, 89 d 02, 36, 89 d 12, 38, 67
e 47, 58, 69 e 12, 49, 67 e 25, 36, 49
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Colour Edges of G10 Colour Edges of G11 Colour Edges of G12
a 36, 47, 58 a 06, 12, 79 a 26, 34, 89
b 02, 34, 69 b 02, 35, 68 b 17, 35, 69
c 06, 17, 28 c 01, 34, 89 c 03, 12, 45
d 01, 35, 79 d 17, 28, 45 d 01, 48, 67
e 12, 45, 89 e 36, 47, 59 e 02, 59, 78
Colour Edges of G13 Colour Edges of G14 Colour Edges of G15
a 01, 26, 58 a 03, 57, 89 a 01, 29, 45
b 02, 35, 49 b 01, 23, 45 b 08, 13, 69
c 03, 17, 69 c 13, 49, 67 c 12, 48, 67
d 12, 34, 78 d 08, 12, 69 d 03, 47, 56
e 45, 68, 79 e 28, 47, 56 e 23, 57, 89
Colour Edges of G16 Colour Edges of G17 Colour Edges of G18
a 01, 29, 46 a 01, 56, 89 a 01, 34, 56
b 07, 34, 59 b 03, 12, 67 b 07, 46, 89
c 13, 67, 89 c 04, 27, 58 c 12, 36, 78
d 02, 35, 68 d 13, 49, 78 d 18, 29, 45
e 12, 45, 78 e 23, 45, 69 e 02, 37, 59
Colour Edges of G19 Colour Edges of G20 Colour Edges of G21
a 02, 34, 79 a 25, 67, 89 a 01, 34, 78
b 35, 67, 89 b 12, 34, 69 b 04, 12, 69
c 01, 45, 69 c 14, 05, 68 c 05, 67, 89
d 06, 12, 78 d 03, 45, 79 d 13, 25, 68
e 14, 25, 38 e 01, 23, 78 e 23, 45, 79
4.2. The arrays for Lemma 3.5
The proof of Lemma 3.5 requires, for each L∈L, a 9× 9 array satisfying the six conditions stated in the lemma. In
this subsection these arrays are presented.
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Final note: Since the original submission of this manuscript, Bryant [3] has improved on the result of Andersen et al.
(Theorem 1.2) by showing that any partial Steiner triple system of order u can be embedded in a Steiner triple system
of order v if v ≡ 1; 3 (mod 6) and v¿ 3u− 2.
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